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Abstract

Due to the momentum transfer r = p — p' from the initial proton to the final,
the “asymmetric” matrix element {p'|G...G|p) that appears in the pQCD description
of hard diffractive electroproduction does not coincide with that defining the gluon
distribution function fy(z). I outline a pQCD formalism based on a concept of a double
distribution Fy(z,y), which specifies the fractions zp, yr, {1 — y)r of the initial proton
momentum p and the momentum tramsfer r, resp., carried by the gluons. 1 discuss
the one-loop evolution equation for the double distribution Fy{z,y; ) and obtain the
solution of this equation in a simplified situation when the quark-glnon mixing effects
are neglected. For r? = 0, the momentum transfer r is proportional to p: r = {p, and
it is convenient to parameterize the matrix element {p —r|G ... G|p) by an asymmetric
distribution function }'g (X) depending on the total fractions X =x+y{ and X —( =
z — (1 — y)¢ of the initial hadron momentum p carried by the gluons. I formulate
evolution equations for F3(X), study some of their general properties and discuss the

relationship between F7(X), Fy(z,y) and fy(z).



1. Introduction. The process of hard diffractive exclusive electroproduction
of vector mesons 4+* +p — V +p’ is now an object of intensive theoretical studies
[1-5). It is considered to be one of the most effective ways to measure the gluon
distribution function f;(z) in the low-z region. However, one can easily notice
that due to the momentum transfer r = p — p’ from the initial proton to the
final, even for small ¢ = r2, the matrix element of the gluonic operator in this
case does not coincide with the usual forward matrix element defining the gluon
distribution function f,(x). My goal in this letter is to develop a modified pQCD
approach for the hard diffractive electroproduction, which takes into account the
effects related to the momentum transfer. In this formalism, the basic function
describing the gluon content of the “asymmetric” matrix element {p — r|...|p)
is the double distribution Fy(x,y), which specifies the fractions zp, yr, (1 — y)r
of the initial proton momentum p and the momentum transfer r, resp., carried
by the gluons*. With respect to z, the function F,(z, y) looks like a distribution
function while with respect to y it behaves like a distribution amplitude. Since
the logarithmic scaling violation is an important feature of the gluon distribution
function in the low-z region, I discuss the evolution equation for the double
distribution Fy(x,y; u). The relevant evolution kernel Ry (z,y; €, n) produces the
GLAPD evolution kernel Pyy(z/¢) [6-8] when integrated over y, while integrating
Rgg(z,1;€,n) over z gives the expression coinciding with the evolution kernel
Veg(y, n) for the gluon distribution amplitude. I construct the solution of the one-
loop evolution equation for the double gluon distribution in a simplified situation
when quark-gluon mixing effects are neglected. For ¢ = 0 and vanishing hadren
masses, the momentum transfer r is proportional to p: r = (p and, for this
reason, it is convenient to parameterize the matrix element {p — r|G...G|p} by
the esymmetric distribution function fg(X) specifying the total fractions Xp,

(X — ¢)p of the initial hadron momentum p carried by the gluons'. I formulate
evolution equations for the asymmetric distribution functions ff (X) and discuss
the relationship between this function, double gluon distribution F,(x, y) and the
usual gluon distribution function f,(x).

2. Double distributions. The amplitude for the elastic electroproduction pro-
cess v*p — p'V depends on the momentum p of the initial proton, the momentum
transfer » = p — p’ and the momentum ¢ of the produced vector meson. We will
consider the limit in which one can neglect the squares of the meson ¢2 = m}

and proton p* = m? masses compared to the virtuality —Q? = (g — r)? of the

*Originally, the double distributions for the asymmetric matrix elements of quark
operatozs were introduced in ref. [9] in application to virtual Compton scattering.

""The asymmetric distribution functions are similar to, but not identical with the ¢ — 0
limit of the off-forward parton distributions introduced recently by X.Ji [10].

initial photon and the energy invariant p-¢. Thus, we set p? = 0 and ¢% = 0, and
use ¢ and p as the basic Sudakov light-cone 4-vectors. In the diffractive region,
the invariant momentum transfer 2 = t is small, and we actually will consider
the limit ¢ = 0. Note that in this case the on-shell condition p'? = (p + r)? = p?
results in the requirement (p-r) = 0 which can be satisfied only if the two lightlike
momenta p and r are proportional to each other: » = {p, where { = Q*/2(p - q)
is the Bjorken variable which obeys 0 < ({ <1,

The leading contribution in the large-Q?, fixed-¢ limit is given by the diagrams
shown in Fig.1. The long-distance dynamics is described there by the vector
meson distribution amplitude ¢y () and the asymmetric matrix element of the
light-cone gluonic operator

{p— | Ghal21) Bas(21, 22, A)Gy o (22) | P) (1)

in which the 4-vectors z, z specifying the location of the two gluon vertices are
separated by lightlike intervals 22 = 0, 22 = 0 from the virtual photon vertex.
The factor Egp(21,22; A) is the usual P-exponential of the gluonic A-field along
the straight line connecting z; and 23, and the indices a,b = 1,...8 denote the

gluon color.
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FIG. 1. Diagrams contributing to hard diffractive electroproduction of vector
mesons.

The gluon momentum in this matrix element originates both from the initial
hadron momentum p and from the momentum transfer r, so I write it as zp + yr
parameterizing the asymmetric matrix element of the light-cone gluon operator
by the double distribution F;(z,y)

{0 — 11 242, G54(0) Eas(0, 2 A)G) o(2) | P 220 (2)

1 1
= a(p— r)5u(p) (z - p) j j (ei=on=se0) 4 gietrar-inr)
o Jo
xWz+y < 1) Fylz,y)dedy.

Here and in the following I adhere to the conventio

ngf=1-yz=1-z,ele.,
for momentum fractions and use the notation ,2% = .



Due to the spectral properties £ > 0, y > 0, z + y < 1 (this can be proved
for any Feynman diagram using the approach of ref. [11]), both the initial active
gluon and the spectators carry positive fractions of the initial hadron momentum
7: (x + Cy) for the gluon and (z — {y) > y(1 — {) > 0 for the spectators. On the
other hand, the fraction of the p-momentum carried by another gluon is given by
(z — ) and it may take both positive and negative values.

The usual gluon distribution function z f, () corresponds to the limit r = 0.
Hence, the double distribution F,(z,y) satisfies the reduction formula:

1-2x
]0 Fy(z,y)dy = zf,(z). (3)

3. Asymmetric disiribution functions. Since r = (p, the variable y appears
in eq.(2) only in the combinations z + y¢ = X and ¢ — ¢ = X — (, where X and
(X — () are the total fractions of the initial hadron momentum p carried by the
gluons. Introducing X as an independent variable, we tan integrate the double
distribution F(X — y(,y) over y to get

Fe(X) = F(X -y, y)dy, (4)

]min{X/C.??/f}
where { =1~ (. Since ¢ < 1 and =+ y < 1, the variable X satisfies a natural
constraint 0 € X < 1.
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FIG. 2. Momentum flow corresponding to the asymmetric gluon distribution func-
tion in two regimes: 6) X > and ) X =Y(¢ < (.

In the region X > (, where the initial gluon momentum Xp is larger than the
momentum transfer r = {p, the function fg (X) can be treated as a generalization
of the usual distribution function z f,(z) for the asymmetric case when the final
hadron momentum p’ differs by (p from the initial momentum p (but remains
collinear to it). In this case, J—'g (X) describes a gluon going out of the hadron
with a positive fraction Xp of the original hadron momentum and then coming

back into the hadron with a changed (but still positive) fraction (X — {)p. The
Bjorken ratio ¢ serves here as an external parameter specifying the momentum
asymmetry of the matrix element. Hence, one deals now with a family of asym-
metric distribution functions F¢(X) whose shape changes when ( is changed.
The basic distinetion between the double distributions F(z,y) and the asymmet-
ric distribution functions F¢(X) is that the former are universal functions which
do not depend on the momentum asymmetry parameter ¢, while the latter are
explicitly labelled by it. When ¢ — 0, the limiting curve for F;(X) reproduces
the gluon distribution function:

fggzo(X)=Xfy(X) . (5)

Note, that if X < (, the “returning” gluon has a negative fraction (X ~ ()
of the light-cone momentum p. Hence, it is more appropriate to treat it as a
gluon going out of the hadron and propagating together with the original one.
Writing X as X = Y {, we immediately obtain that the gluons carry now positive
fractions Y{p = Y'r and, respectively, (1—Y)r = ¥r of the momentum transfer r.
Hence, in the region X = Y < ¢, the asymmetric distribution function looks like
a distribution amplitude ¥, (Y) for a two-gluon state with the total momentum

r={(p

Y
T (Y) = jo F((Y - 4)C,v) dy. (6)

The asymmetric distribution function can be also defined directly through the
matrix element

(V' 1242, Go(0) Eas(0, 2, )G o (2) | P aa=0 (7)
= a(p)zu(p) (z - p) /0 (e-"x(r’z)+e‘(’f-0(m) FUX)dX.

To re-obtain the relation between JF¢(X) and the double distribution function
Fy(z,y), one should combine this definition with eq.(2).

4. Leading contfribution. The parameterization (7) can be used as a starting
point for constructing a QCD parton-type formalism. The only problem is that
our gauge-invariant definition of the gluon distribution is in terms of the field
strength tensor G, while the usual Feynman rules involve the vector potential
A,. A possible way out is to utilize the light-cone gauge ¢* A,(z;¢) = 0 in which
Ay can be expressed in terms of G,

Aulzi) = ¢ jﬂ " Gulz + 0q) do, (®)



so that the definition (7) can be applied directly. This gives

, u(p’ )gu(p Pudv + Puq
0| 4313436250 P g = “EIED (5, - P EB2)

(g-p) (p-q)
1 g
x / (e""x(le HIX=C)p22) 4 e"(X—C)(le)-fx(Ph)) }-.C (X) ——dX.

In ref. [5], the amplitude of hard diffractive electroproduction was calculated
for the longitudinal polarization of both the virtual photon (ef. = (¢* +(p*)/Q)
and produced meson (¢}, = ¢*/mv). In this case, we obtain

VITT fLep(r) , ' FHX)dX
Qmy Jo T a"r.[o X(X —(+ie)’ (10)

where /1= comes from #(p') = +/1— @(p) and @y (7) is the distribution
amplitude of the longitudinal vector meson. The ampitude has the imaginary
part due to the factor 1/(X — ¢ + ie):

VIZCRO) [Ppv()

{Qmy s TT

Trr(p,g,ry=

(11)

:—rImTLL(C) =

In ref. [5], the gluonic matrix element was approximated by the gluon distribution
function fy(z). To get our result from that of ref. [5], one should substitute there
£0) by VI=TFL(O)/C.

Though the asymmetric distribution function }'g (X) coincides with X f,(X)
in the limit { = 0, these two functions differ in the general case when { # 0.
Furthermore, the imaginary part appears for X = ¢, i.e., in a highly asymmetric
configuration in which the second gluon carries a vanishing fraction of the original
hadron momentum. Hence, one cannot exclude the possibility that fcg (¢) visibly
differs from the function ¢f,({) which corresponds to a symmetric configuration
in which the final gluon has the momentum equal to that of the initial one.

To get a feeling about the interrelationship between J-'cg (X) and X f,(X), let
us consider a toy model F™*4(z,y) = A(n+ 1)(1 — z — y)" for the gluon double
distribution. Then z f™°¢(z) = A(1 — z)"**! while

FPOO0 = £ [(@ - 0 - - X o <0

L1 XX > C)] . (12)

Hence, { f™°4(¢) = A(1=¢)"+! while F™°4({) = A(1—¢)", i.e., the two functions
are rather close to each other for sma.l'i ¢. This model also reveals a character-
istic feature of the asymmetric distribution function .?-'c"“’d(X }: the parameter
¢ specifying the momentum asymmetry of the gluonic matrix element serves as
a boundary between two regions X < ¢ and X > { in which f'f {X)} is given
by different analytic expressions. An important property of fz’“’d(X ) 18 that it
rapidly varies in the region X< ¢ and vanishes for X = 0. Since X = 0 can be
arranged only when both - and y-parameters of the double distribution F(z, y)
are zero, the fact that TC’“"“(O) = { is quite general. Note, however, that the
limiting curve F{2%(X) = (1 — X)**! does not vanish for X = 0, i.e., the limits
¢ — 0 and X — 0 do not commute.

For this reason, if ¢ is small, the substitution of F¢(X) by X f;{X) may be a
good approximation for all X-values except for the region X< (. However, the
imaginary part is given by the value of F (X} at the point X = { belonging
to this region and it is not clear a priori how close are the functions F¢(¢) and
C14(0).

J. Evolution of the double distribution. On the light-cone, the matrix elements
have ultraviolet divergences, which are removed by subtraction prescription char-
acterized by a scale p: Fy(z,y) — Fy(z, y; #). Under renormalization, the gluonic
operator

Oy(uz,vz) = 2,20 Gpoluz) Egp(uz, vz; AYGE (vz) (13)

mixes with the flavor-singlet quark operator
Og(uz,vz) = %Z(iﬁq(uz)éE(uz, vz; Ay (vz) — %o (v2)2 E(vz, uz; A)h,(uz)).
q

(14)

For simplicity, we will ignore here the quark-gluon mixing and analyze below
the evolution of the double gluon distribution Fy(z,y; ) corresponding to the
“quenched approximation”. In this case

d -~ 1 1 .
uﬂFg(x,y;ano d&/ﬂ Rog(z, 1,6, 15 g()) Fo(€,m; p)dn. (15)

The easiest way to get explicit expressions for Rgp(x, y;€,%; 9) is to use the
Balitsky-Braun evolution equation [12] for the light-cone operators

Instead of the original kernels K.u(u,v) from ref. [12] we prefer to use the kernels
Bap(u,v) = — Kap(#%, v) which have the symmetry property Bas(u,v) = Bas(v, u) .



1 p
pa%o,,(ﬂ,z) =f f ZBab(u,U)Ob(uz,ﬁz) 6(u+v <1)dudv, (16)
0 Jo 5
where a,b = g, @ and [12]
Bo

Byg(u,v) = "?N( o, S(15(2)

+6(u)[% —5(1;)/01 ‘i—z] +6(v)[% —a(u)/ul i‘iiD . (17)

Here, Gy =11 — %N ¢ is the lowest coefficient of the QCD S-function.
Our kernel Rgy(z, ¥ €, 7; 9) is related to the Byg(u, v)-kernel by

Ryg(z,y:6,m:9) = %ng(y-nxlf,e}— 1z/§). (18)
This gives
Rygl(z,y:6,m9) = (19)
—+ cl{4[x/€+ 3y — nx/€)(F — 7=/} 6(0 < =/ < min{y/n, §/7})

80 < z/€ < 1)(=/€)’
(1 -=/¢)

+6(1= 2/€)6(y — ) [

[ S(e/€ = u/m) + 3 6(a/€ - y/r?)]

14}
As usual, the divergent integral provides the regularization for the singulari-
ties of the kernel for 2 = € (or y = n). It is easy to verify that the kernel
Rgg(z,y,€,m; ¢) has the property that z +y < 1if £ + 5 < 1. Using the expres-
sion for Ryg(z,y;€, 17 ¢) and the explicit form of the Py (z/€) kernel [7,8], one
can check the reduction formula

-z

Rgg(z,y:€,m;9)dy = % es(2/E). (20)

Integrating Ryy(z,y;&,7; 9) over z one should get the evolution kernel for the
gluon distribution amplitude

l-y
/0 Ryg(z, 4,6, m 9)de = Vig (1,177 9). (21)

To solve the evolution equation, we apply first the standard trick used to solve
the GLAP equation: integrate 2" Ry (x,¥;£,7;9) over z. Using the property
Rog(z, 4,6, m9) = Ryg(z/8, 331,15 9)/€, we get

d r(n
o F{M y;p) = / RGY (9,0 ) F§™ (m; m)d (22)
where ﬁ‘;")(y; ) is the nth z-moment of Fg(::, y; 1)

1
FPy;p) = /0 2" Fylz, y p)dz (23)

and the kernel Rg;)(y, n; ¢) is given by

R(“ (mig) = N {(g)nu ( 2 121

- lfz(yn+ny)+ yn+ ) y<n)
+ 8y —1) f—”——fo iz]+{y-ﬁy,n—>n}} (24)

1t is straightforward to establish that R (y, n; g) has the property
B (y, n; 9)wa(n) = R§P(n, i 9)wa (),

where w,(y) = (y7)"*2. Hence, the eigenfunctions of R (y, n; g) are orthogonal
with the weight w,(y) = (y#)"1?, i.e., they are proportional to the Gegenbauer
polynomials Cp +° ! ?(y—7) (cf. [13,14] and refs. [15,16] where the general algorithm
was originally apphed to the evolution of gluonic distribution amplitudes). Now,
we can write the general solution of the evolution equation

= ()Y Ak C 2y — §) llog(u/M)] T P, (25)
k=0

FM(y; )
where the anomalous dimensions 'y,(cﬂ) are given by the eigenvalues of the kernel

RS (v, 7, 9):

) 1 tsaal B

"= 2N, |- - =1 = slo-

e Gin)ktntl) (Fint(E+ntd) ; b
(26)



They coincide with the standard anomalous dimensions v4,(N) [17,18]: 7,(:1) =
Ygg(n+ k + 1). Note, that 4§ is formally given by the negative infinity, while all
other anomalous dimensions are finite and non-negative. Hence, in the formal

jt — oo limit we have F, (y, ¢ — 00) = 0 for all n > 1. This means that
Fy(z, y3p = 00) ~ 6()(ud)’,

i.e., in each of its variables the limiting function F o(z, ¥y 0 — 00) acquires the
characteristic asymptotic form dictated by the nature of the variable: §(z)
is specific for the distribution functions [17,18], while the (yg)*-form is the
asymptotic shape for the lowest-twist gluonic distribution amplitudes [15,16].
It 18 easy to see that if the double distribution has the asymptotic form
Fo(z,y) = 120C6(x) y*(1 — ), then zf*(x) = Cé(z) while FP*(X) =
120G X?(1 — X/¢)*/¢. Note that in this case F¢'({) = 0, i.e., the function
which determines the magnitude of the imaginary part of T vanishes.

6. Evolution equations for asymmetric distribution functions. Introducing the
asymmetric distribution function f? (X) for the flavor-singlet quark combination

(14)
{p = r|0q(0,2) | P}|z2=0
1
=iulp — r)éu(p)/o (e""x(’”) - ei(X"C)(”z)) .7-'CQ(X) dX 2n

and using eq.(16), we obtain a set of coupled evolution equations for fé’ (X) and
FAX):

pa%‘ F(X;#)=./.0 Zb:Wé‘b(X,Z;g)}'g(z;#)dZ, (28)

where a and b denote g or . To relate the functions Wé’b(X , Z; g) to the Balitsky-
Braun evolution kernels [12]

Baa(u0) = 22Cr (14 8(u)fs/ols + 6)la/ul+ - 7660 ) . (29)
Byg(u,v) = ‘:_—"Cp (2 + 6(u)6(v)) , Bog(u,v)= C—:riNf (14 4uv —u —v) (30)

(Byg(u,v) was displayed eatlier by eq.(17))}, it is convenient to introduce first the
auxiliary kernels Mc"b(X AYH

10

1 1
f\fé“’(z\’,2)=/0 fu Bas(u,v) 6(X —aZ +v(Z = () 0(u+v < 1)dudv. (31)

In terms of these kernels, we have
WE#(X,Z)= MP(X,2) , WR(X,2)=MZUX,2), (32)
d

1
wi(x,2) = fX M{%(X,2)dX , Wf-"(X,Z):HM?"(X,Z). (33)

Note that the expressions for the kernels describing the quark-gluon mixing are
slightly more involved than those for the diagonal ones. The reason is that the
definition (7) of the gluon distribution has an extra (z - p) factor which generates
a derivative acting on F7(X).

Integrating the delta-function in eq.(31), one obtains four different types of
the @-functions, each of which corresponds to a specific evolution regime for the
asymmetric distribution functions. In particular, for Wc"M (X, Z; ¢) we obtain

1
W (X, Z; ) = % fo dv B, ([1 _ X/Z — (1 —¢/2)], v) (34)
- X/Z
1-¢/Z
+(X < OHZ <OIHX < Z)8(0 <v < X/Q)

+9(XEZ)H(%SUSX/C)]}.

oz>x200(0<0s )+ 0z 2¢2 X)00 S v < X/

For the first two terms in this sum, the original fraction Z is bigger than the
momentum asymmetry parameter {. In this region of Z’s, the resulting fraction
X cannot be increased by the evolution: in both terms we have X < Z. Such a
situation is typical for the evolution of distribution functions.

The last two terms in eq.(34) correspond to the region where the original
fraction Z is smaller than ¢. In this case, the evolution can either decrease the
fraction (X < Z for the first term in the square brackets) or increase it ( X > Z
in the second one). However, if the initial fraction Z is less than {, the evolved
fraction X cannot be larger than ¢ or, what is the same, the parameter Y = X/(
specifying the fraction ¥Yr of the momentum transfer r carried by this gluon
cannot exceed 1. This property is a characteristic feature of the evolution of
distribution amplitudes.

Qualitatively, the evolution of the asymmetric distribution functions proceeds
in the following way. Due to the GLAP-type evolution, the momenta of the
partons decrease, and distributions become peaked in the regions of smaller and

11



smaller X. However, when the parton momentum degrades to values smaller than
the momentum transfer » = (p, the further evolution is like that for a distribution
amplitude: it tends to make the distribution symmetric with respect to the central
point X = (/2 of the (0, () segment. In two extreme cases, when { = Qor{ =1,
the evolution is more trivial. For { = 0, F¢(X) reduces to a usual distribution
function governed by the GLAP evolution equation, while for ¢ = | we always
have Z < ¢ for the initial fraction and the function F;(.X) experiences a purely
Brodsky-Lepage evolution. In other words, W22,(X, Z;g) = Pas(X/Z,9)/Z and
WE(X,Z;9) = Vas(X, Z39) &

7. Conclusions. In this letter, I demonstrated that one can describe the asym-
metric matrix element ((p|G ...G|p) either by the universal double distribution
Fy(2,y) or by the asymmetric distribution function F;(X) which explicitly de-
pends on the momentum asymmetry parameter { and specifies the total fractions
X and X - ¢ of the original hadron momentum p carried by the gluons. Using
F¢(X) gives a formalism that looks very similar to the standard QCD parton
approach, in which the gluon content of the hadron is described by the gluon dis-
tribution function fy(zx). Moreover, F¢(X) coincides with X f,(X) in the { — 0
limit, and this fact suggests an approximation F¢(X) = X f,(X) for small{. One
should realize, however, that the electroproduction amplitude is dominated by
the imaginary part whose magnitude is determined by F(¢). Since the function
F¢(X) rapidly varies in the region X< ¢ and vanishes for X = 0 (which is not
the case with X f,(X)), the relation F¢({) = (f,({) may be strongly violated.
This pessimistic expectation is not supported by a toy model for the double dis-
tribution F™4(z, ) = A(1 - z — y)", in which (f7°4(¢) differs from }'E""d(C)
by an extra factor (1 — {} only, the latter being close to 1 for small {. However,
the structure of the double distribution F,(x,y) in general case may be more in-
volved, and a detailed analysis of the interrelationship between F¢(¢) and {f,(¢)
is an interesting problem for future studies.
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$Originally, this observation was made by X.Ji and P.Hoodbhoy [19] in application to
evolution of the ¢ = 0 limit of the off-forward parton distributions of ref. [10].
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